THE RATE OF INCREASE OF REAL CONTINUOUS
SOLUTIONS OF CERTAIN ALGEBRAIC
FUNCTIONAL EQUATIONS

BY
K. L. COOKE

1. Introduction. The problem discussed in this paper is that of describing
the rate of increase, as ¢ becomes indefinitely large, of real solutions of
algebraic functional equations of the form

(1.1) P(t, u(®), u(t + 8())) = 0.

In this equation, and throughout this paper, P(¢, , v) denotes a polynomial
in the variables ¢, %, v, with real coefficients, and 8(¢) is a function which is
positive and continuous for ¢ greater than or equal to some positive number
a. The results presented below generalize those of O. E. Lancaster [4], and
S. M. Shah [6; 7], who discussed the case in which 8(¢) is constant for t2a.
Their work, in turn, was a natural sequel to the striking results of Borel [1],
and Lindelsf [5], on algebraic differential equations(!).

For convenience in stating the results obtained in this paper, let us intro-
duce the following definition.

A real function % () will be said to be a continuous solution of an equation
(1.1) if there exists a number b =a such that () is continuous and is a solu-
tion of (1.1) for all £=b.

The main object of this paper is to show that, provided 6(¢) is positive
and continuous for ¢=a and provided ¢+8(¢) is monotonic increasing for
t=a, every continuous solution of an equation of the form in (1.1) must
satisfy a relation of the form

u(t
(1.2) liminf' ()I =0,
~t+e f()
and every continuous monotonic(?) solution must satisfy
u(l
lim I ® I =0
(1.3) oo f()

Here f(¢) is a certain positive, continuous, nondecreasing function which de-
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() Another extension of this work was recently given by the author in an article [2],
on algebraic differential-difference equations.

(?) Montonicity can be replaced by a weaker condition, but this has not been done here
because the condition seems less natural than monotonicity. For an indication of the nature of
the weaker condition, refer to Shah [6], Theorem 2.
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pends on P and 6, but not on the particular solution # in question. The actual
form of f(¢) is discussed in Theorems 2 and 4 below. Roughly speaking, then,
there is a maximal possible rate of growth of a solution of (1.1), this maximal
rate being determined solely by the form of the equation.

The relations in (1.2) and (1.3) contrast sharply with Lindelsf’s result on
solutions of algebraic differential equations of the form

(1.4) P(t, u(®), #'(t)) = 0.

He showed that every continuous solution #(f) extending to {= + « satis-
fies(®)
u(t
lim I Wl =0
to+w  e(iB)

for a certain positive number B depending only on P. This conclusion,
similar to (1.3), is correct even for nonmonotonic solutions of (1.4). We shall
show below that for solutions of (1.1), on the other hand, the “lim inf” in
(1.2) cannot be replaced by “lim,” unless a restrictive hypothesis, such as
monotonicity, is imposed on the solution «.

The “best possible” form of f(¢) is found in this paper for three special
classes of equations. The first, the class of first order algebraic difference
equations

(1.5) P(t, u(t), u(t + 1)) = 0,

is obtained by putting 6(¢) =1 in (1.1), and was the class of equations con-
sidered by Shah. We shall show in §4 that for this class of equations, (1.2)
and (1.3) hold with f(¢) =e.(Bt), where B is a positive number depending
only on P. Shah proved that (1.2) is a best possible result in two senses. First,
it is not possible to replace “lim inf” by “lim” without restrictive hypothesis
on u(t). Second, the denominator e;(B¢) cannot be replaced by a function of
slower rate of growth; for example, e;(¢ log #) =e(n') is a solution of

u(t + 1) — u(t)» = 0,

which is an equation of the form in (1.5) if # is a positive integer. This
example, by the way, indicates that no improvement in the results is possible
even for equations in which ¢ does not explicitly appear.

The second special class of equations is the class of first order algebraic
g-difference equations(*)

(1.6) P(t, u(?), u(gt)) = 0, (@>1)
obtained from (1.1) by putting §(¢) =(¢—1)t. We shall show in §4 that for

(%) We shall employ the notation eo(t) =¢, e(t) =ei(t) =¢*, ex(t) =exp (es(¢)), which was
adopted by G. H. Hardy [3].
(*) We shall show in §4 that the same conclusions are valid if 0<g<1.



108 K. L. COOKE [July

this class of equations, (1.2) and (1.3) hold with f(¢) =e(t®), where B is a
positive number depending only on P and g, and that these results are also
best possible.

The last special class of equations considered in this paper is obtained
from (1.1) by putting 6(f) =¢2—¢ (¢>1). The equations have the form

(1.7 P(t, u()), u(19) = 0, (¢>1),

and will be called gth power functional equations. We shall show in §4 that
for this class of equations, (1.2) and (1.3) hold with f(¢) =e((log t)E), where B
is a positive number depending only on P and ¢, and that these results are
best possible.

In the concluding section of this article, a few brief remarks are made
concerning possible extensions and generalizations.

2. Lemmas. Let us suppose that 6(¢) is positive and continuous and that
t+48(¢t) is monotonic increasing for t=a. Let b be any fixed number at least
as large as a. Define

bo = b,
2.1) ’

bnt1 = bn + 6(b,), (n=0,1,2---).

The number b, will be called the nth §-image of b. Since §(¢) is positive for
t=a, the d-images of b form an increasing sequence. If this sequence were to
approach a finite limit L, we should have L>a and
L = lim bnyy = lim {6, + 8(ba)} = L + 8(L);
n— o n— o0

this is impossible since 6(L) > 0. Hence the sequence of §-images of any number
b increases monotonically to + .

Let the symbol I,(b) denote the interval [bn, bny1) (=0, 1, 2, - - ).
I.(b) will be called the nth 8-image of the interval I,(b) = [b, b+8(b)). Since
t+6(t) has been supposed to be monotonic increasing, the mapping

M:t—t45@)

is a continuous, one-to-one mapping of each I;(b) onto I;;1(b), and M" is a
continuous, one-to-one mapping of I;(b) onto I..;(b) (j=0, 1, 2,---;
n=1,2,---).

We can now state the first of four lemmas we shall require.

LemMma 1. Let 8(f) be positive and continuous and let t-+6(t) be monotonic
increasing for t=a. Let A be a positive number and let f(t) be a function which
is positive and continuous for t=a and which satisfies(®) the following growth
property:

(G1) Given any b=a, any w>1, and an arbitrary sequence of points {r,.}
having T, in the nth 8-image interval I1,(b),

(®) The existence of such functions f(f) is demonstrated in §3 below.
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n

lim = 0.
n—wo f(‘r,.
Then it follows that to each function u(t) which is continuous and non-negative
for t=a and which satisfies
. u(?)
(2.2) lim sup —— > 0,
imte f(0)
there corresponds a sequence {sn} such that s,za (n=1,2, - :.), sp—>+
as n— o, and

2.3) u(t + 6() = u(@®) fort=s, n=1,2,---).

Proof. Let u(¢) be a continuous, non-negative function which satisfies
(2.2). There is a positive number D and there is an increasing sequence
{Ei} (=1, 2, - - - ) such that £+ © as +—» and

(g
(2.4) lim (Ei) =D
t~w f(E)
Suppose the lemma is false. Then there is a number b Za such that
(2.5) u(t + 8(2) < u(®)4 for all ¢ = b.

Let x¢ denote the unique point in I4(b) whose image under some number of
repetitions of the mapping M is &% Let n; be the appropriate number of
repetitions. Let {x}} (=0, 1, 2, - - - ; xf =x) be the sequence of 8-images of
x%. Then from (2.5) we have, by induction,

. . AT
u(xn,) < u(xo) .

Let S be the supremum of «u(¢) for ¢ in I4(d), and take w>max (S, 1). Then,
since x,, =£% and x5 =x, we obtain
u(g)  u(x)4™ < wA™
& T @) fa)

Since n,—» as i—®, and x}, lies in the n;th §-image interval of Iy(?), it
follows from property (G;) that

i=1,2---

. w(E)
lim -
—w f(E)

which contradicts (2.4). This proves Lemma 1.
The second important lemma follows.

’

LEMMA 2. Let 6(t) be positive and continuous and let t+06(t) be monotonic
increasing for tZa. Let A be a positive number and let f(t) be a function which
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is positive, continuous, and nondecreasing for t = a and which satisfies the growth
property (Gi) stated in Lemma 1. Let g(t) be a function which is continuous for
t=a and which satisfies

(2.6) g) > 1  ift=a
. 80

2.7 lim == =0,

@0 = 10)

and

(Gy) Given any positive number (3 there exists a number T=T(B), T2a,
such that

(G
f(dn)

for every number d = T and every integer m =0. Then it follows that to each func-
tion u(t) which is continuous, non-negative, and nondecreasing for t=a and
which satisfies

IIA

B

u(t)
(2.8) limsup——>0
ivte f(2)
there corresponds a sequence {s,.} such that sp,=a (n=1, 2, - - ), s,—>+ =
as n— o,
(2.3) u(t + 8(2)) = u()4 fort=s, (m=1,2,--.),
(2.9) u(t) = g() fort=s, (n=1,2,.---)
Proof. Let
(2.10) D=1l “0
2. = lim sup ——
T

Choose any 8 and choose any C for which 0 <8< C<D. If u(t) Zg(¢) for all
large ¢, the result follows from Lemma 1. Suppose, therefore, that »(f) <g(f)
for a sequence of values of ¢ tending to infinity. Let b be an arbitrarily large
number in this sequence, so that u(b) <g(b), and suppose b= T(B). From
(2.10), there is a number ¢, ¢>b, such that u(c)> Cf(c). Furthermore, by
(2.7) we may suppose that b is so large that g(t) <Cf(#) for ¢=5b. Then

(2.1 u(c) > Cf(c) > g(e).

Since u(t)/g(t) is continuous, there is a largest number d such that
b<d<c and u(d)/g(d) =1. Note that u(t) Zg(t) for d<t=<c. Thus there are
intervals [d, c] with d arbitrarily large in which (2.9) holds. To complete the
proof of the lemma, we need only show that in each such interval there is a
point ¢ at which (2.3) also holds. Consider the sequence of images d, of do=d,
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and let {I,.(d)} be the corresponding sequence of image intervals. The num-
ber ¢ will fall within exactly one such interval, say I.(d) (m=0), so that
dn S ¢ <dmy1. Since u(t) is nondecreasing, (2.11) yields #(dmy1) 2 u(c) > Cf(c).
Since f(¢) is also nondecreasing,

(2.12) w(dmy1) > Cf(dm).
Now suppose that
(2.13) u(d;) < u(d;-1)*4 (G=12"--,m+1).

It readily follows that
w(dmr) < u(@)A™".
Combining this inequality with that in (2.12), and replacing »(d) by g(d),
we find
g(@4m"
f(dm)

Inasmuch as C>f and d= T(B), this contradicts the growth property (G,).
Consequently there must be at least one integer j, 1 <j<m-+1, for which
(2.13) is false, that is for which

u(d,) = u(d~_1)‘.

Thus (2.3) holds for ¢t=d;_,; also (2.9) holds for t=d;_;, since d;_; lies in
[d, c]. This completes the proof of Lemma 2.

For the sake of later convenience, we also call attention to the following
simple fact.

LemMmaA 3. If
lim ¢() = + o,
to+ o
and
. o)
lim —— =0,
=+ Y(0)
and if k is any positive integer, then
ex(o(1) _

(2.14)

m =
t—+o e(Y(1))

This lemma is readily proved by induction on k, since

el _a—(s(n) ~ o
s = Ameeo 1= =08 =123,
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LEMMA 4. Suppose that 1 <A <o and that ¢(t) is positive for all sufficiently
large t. Suppose also that

lim ¢(§) = +

t—o+4

and

Then, given any positive number (3, there exists a positive number T = T(B) such
that

el Am1(1)}
e{amp(f) }

for every tZ T and every integer m =0.

=8

Proof. From Lemma 3 it is clear that

el do()}

lim SLAPYS
e ew0)]

Therefore there exists a T =T(B) such that ¢(¢) >0 for t= T and such that
(2.15) A¢(t) — ¢(f) < min (0, log B) fort = T.
Let
hn(t) = A™19(1) — o™ (2).
Since 1 <4 <« and ¢(¢) >0,
Fnia(t) — hn(t) < am(a — D[48() — ¥(©)].

From (2.15) we can now deduce that for each t= T, {hm(t) } is a nonincreasing
sequence and therefore also

hn(t) < ho(f) < log B (m 2 0).

Therefore e{hm(t)} =B fort=T, m=0. This is what was to be proved.

3. General theorems. In this section we shall state and prove the general
theorems, on the magnitude of solutions of the equation (1.1), to which we
alluded in the Introduction.

THEOREM 1. Consider any equation of the form
3.1 P(t, u(), u(t + 8())) = 0,

where 8(t) is positive and continuous and t+08(t) is increasing for t=a. There
exist positive numbers A and C, depending only on the polynomial P (not on
u or 8), such that if f(t) satisfies the two hypotheses listed below, then
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u(l

3.2) liminf| 9l =
o+ f()

for every continuous solution u(t) of (3.1). The two hypotheses are:
(Hy) f(t) is a positive, continuous function for t Za satisfying

0

tC
lim — =0
1=+ f(2)

(Hy) Given any b=a, any w>1, and an arbitrary sequence of points {rn}
having 7, in the nth d-image interval I,(b),

(3.3)

n
wA

3.4 li
3.9 e f(7a)

Proof. The equation in (3.1) can be written in the form

I J K
3.5) )9 I I%

=0 j=0 k=0

where
Tijp = autu(t)’u(t + 8(2))*.

The a;jx are real numbers independent of ¢£. Among the terms T’ there is
exactly one term T, selected in the following way:

(1) Choose r=K.

(2) Choose g to be the greatest of the values of j among all the terms T;..

(3) Choose p to be the greatest of the values of 7 among all the terms
Tigr

The term T,, so defined will be called the principal term.

Except for constant factors, the ratios Tjx/Tpe- are of the following three
possible types (excepting the ratio Tper/ Tper):

@ tPy(t)i-e
u(t + 8()*
where r> k.
i—p
where ¢> .
©) 1p

where p>i. Let R be the least non-negative number which equals or exceeds
the maximum value of (j—g¢)/(r—k) for all ratios of type (a). Let 4 be any
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positive number such that 4 2R+1. Let C be a positive number which
equals or exceeds the maximum value of (1—p)/(¢—j) for all ratios of type
(b) and which equals or exceeds the maximum value of (z—p)/(r—k) for all
ratios of type (a).

Now suppose f(¢) to be a function satisfying (H:) and (H,). Let u(¢) be
any continuous solution of (3.1). We wish to show that (3.2) holds. Suppose
the contrary. Then

e
(3.6) lim inf > 0.
=t f()
This, together with (3.3), implies that
tC
3.7

lim —— =
ot | u(l) |

Since (H,) is exactly the growth condition (G;) of Lemma 1, and (3.6) implies
(2.2), it follows from Lemma 1 that there is a sequence {s,,} for which
Sa—+ o as n— o and for which

(3.8) | w(t +80))| = |u(®)|4 fort =35, (n=1,2,-..).
For each value {=s,, the function «(¢) satisfies not only the equation in (3.1),
but also the equation

1 J K T

(3.9) PIDIDS

im0 j=0 k=0 1 pgr

= 0.

For every t2a,
p’—pu(t):'—q
u(t + 8(N)*

_ {ti—plr—k I u(t) li—qlr—k} r—k
IR PTEEION '

For ratios of type (a), r>k%. We now set ¢=s,. Since #(¢) becomes infinite as
n— o, by (3.7), the above expression cannot exceed

{ | u(l) |® }'—k . o
EETORE Tomro

if n is sufficiently large. By (3.8) and the fact that 4 = R+-1, this is no greater

than
C r—k
{ | ut(t) | } .

From (3.7) it now follows that all ratios of type (a) approach zero, at the
points ¢ =s,, as n— «. For ratios of type (b) we have
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ti—ple—iy ¢—i ¢ =i
L .
| u(®) | | u() |
Since ¢>j, (3.7) again shows that all ratios of type (b) approach zero as
t=s,—+ . It is clear that all ratios of type (c) approach zero.
It now follows that we can find a positive integer NV such that the sum of
all ratios Tyjr/Tper is less than one in absolute value when ¢=sy, whereas

Tpar/ Tper=1. Thus (3.9) cannot be satisfied at the point sy. This contradic-
tion shows that (3.2) is satisfied, as was to be proved.

pie

u(t)‘-’_f

THEOREM 2. Consider any equation of the form
3.1) P(t, u(t), u(t + 8(1))) = 0,

where 3(t) is positive and continuous and t+06(t) is increasing for t=a. Then
there exists a positive, continuous function f(t), depending on P and 8, such that
every continuous solution u(t) of (3.1) satisfies

0}
(3.2) lim inf = 0.
ot f(0)
Moreover, if the sequence {a,.} of 6-images of a is of such a nature that
n
(3.10) lim =0
n— o e,(a,.)

for some non-negative integer v, then f(t) may be taken to be e,.2(t).

Proof. Let 4 and C be the numbers whose existence was asserted in Theo-
rem 1. Let F(f) be any function which satisfies the following:
(i) F(t) is positive, continuous, and nondecreasing for {=a;

i Ii
(i) e F(a2)

tC’

o PO

_—..0’

(iii) =
It is clear that such a function exists. Define f(¢) =e2{F(t) } By (i) and (iii),
f(t) satisfies (H;) of Theorem 1. Moreover, let there be given any b=a, any
w>1, and any sequence {7-,,} with 7, in I,(b). Since 7,2b,=a, and since
F(t) is nondecreasing,

wh” _ ex{n log A4 + log log w} - e2{n log 4 + log log w}
f(n) 32{F(7’n)} B 32{F(an)}
By (ii),
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nlog A + log log w
im =
n—w F(a.)

It follows from Lemma 3 that f(¢) satisfies the hypothesis (H;) in Theorem 1.
Therefore every continuous solution #(¢) must satisfy (3.2).

If for some non-negative integer v, (3.10) holds, then F(¢) =e,(¢) satisfies
(1), (ii), and (iii), and (3.2) is valid with f() =e,;2(2).

The next two theorems deal with monotonic solutions of (3.1). It will be
noted that for such solutions a result much more precise than that in (3.2)
can be given.

THEOREM 3. Consider any equation of the form
(3.1) P(t, u(t), u(t + 8(9)) = 0,

where 8(t) 1s positive and continuous and t+06(t) is increasing for t=a. There
exist positive numbers A and C, depending only on the polynomial P (not on
u or 8), such that if f(¢) satisfies the three hypotheses listed below, then

e 1#O1
i~ta f(t)
for every continuous monotonic solution of (3.1). The hypotheses are:
(H3) The function f(t) is positive, continuous, and nondecreasing for t=Za.

Also, given any b=a, any w> 1, and an arbitrary sequence of points {Tn} having
Tn i1 the nth 8-image interval I,(b),

(3.11)

n

lim =
n—w f(7a)

(Hy) There is a positive, continuous function g(t) for tZa satisfying

(3.4)

0]

. 1 22 =
(3.12) Jdm oy =0
and

tC
3.13 lim — =
(3.13) ot g(®)

(Hs) Given any positive number B, however small, there exists a number
T=T(B), T=a, such that

{0
S(tm)

for every number t2 T and every integer m 20.

(3.14)

IA

B8

Proof. Choose 7, g, and p and also R, 4, and C as in the proof of Theorem
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1. Suppose f(£) and g(¢) to be functions satisfying the three hypotheses stated
above. Let u(¢) be any continuous monotonic solution of (3.1). We wish to
show that (3.11) holds. Suppose the contrary. Then

w0
(3.15) hzT fgp 0

(3.12) and (3.13) show that f({)—+ » as t—-+ . From (3.15) it follows
that the monotonic function %(¢) is either increasing to 4 « or decreasing to
— o, Furthermore, Lemma 2 may be applied. Therefore there is a sequence
{sa} for which s,—+ © as n— and for which

(3.8) lu(t+8@)| = | u@) |4 fort=s, (n=1,2,--),
(3.16) lu(t)l = g(® fort=s5, (=1,2,---).

> 0.

As in the proof of Theorem 1, we find that ratios of types (a) and (b) are

bounded by
tC r—k tC’ a7
{Iuwl} and {lu(ol} !

respectively, at the points ¢=s,. Since |u(f)| Zg(¢), these bounds may be

replaced by 0y © ) i
{ — } and { — } .
{0 g

Since 7> k for all ratios of type (a) and ¢>j for all ratios of type (b), it follows
from (3.13) that all such ratios approach zero as ¢ =s,— -+ «. It is again clear
that all ratios of type (c) approach zero. We therefore reach the same contra-
diction that we reached in Theorem 1. Consequently (3.11) must hold.

THEOREM 4. Consider any equation of the form
3.1) P(t, u(®), u(t + 8(9)) = 0,

where 6(t) is positive and continuous and t+0(t) is increasing for t=a. Then
there exists a positive, continuous, nondecreasing function f(t), depending on P
and 8, such that every continuous monotonic solution u(t) of (3.1) satisfies

w0
3.11) lim —— =
t—+x f(t)
Moreover, if the sequence {a.} of 8-images of a is of such a nature that
n
(3.10) lim =0
n— o e,(a,.

and
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n 1

<
e,(an) ela)

3.17) forn=0,1,2,..-,

for some sufficiently large integer v, then f(t) may be taken to be e,41(2).

Proof. Let A and C be the numbers whose existence was asserted in
Theorem 3. Let g(¢) =t® where B is any number greater than C. Let F(¢) be
any function which satisfies the following:

(i) F(¢) is positive, continuous, and nondecreasing for t=a;

Blogt

X 2. oy ="

G 2 Fa

(iv) F(a,) Z nF(a) form=0,1,2,--;
(v) F(a) > 2 log 4.

It is clear that such a function exists. Define f(¢) =e2{ F(t)}. We shall show
that f(¢) satisfies the hypotheses of Theorem 3. With the aid of (ii) and
Lemma 3, it can be shown that (H,) is satisfied. From (iii) it can be shown
that (H;) is satisfied, just as in the proof of Theorem 2.

It remains to prove that (Hj) is satisfied. Let >0 be given. Since
a<t=Zt, and @n Ztn, and F is nondecreasing,

F(tw) = (F(tm) + F(tw))/2 2 (F(&) + F(an))/2

and by (iv)
F(tm) 2 (F(t) + mF(a))/2.
Hence
g()Am™! < e(A™+1B log t) .
ftw) T e{(Flaym + F(1)/2}
If we put

a = e(F(a)/2),
¢(4) = Blogt,
¥(1) = e(F(1)/2),

this is of the form treated in Lemma 4. By (v), a> A4, and by the definition
of A, A>1. Also
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by (ii). Therefore Lemma 4 shows that there exists a positive number 7" = T'(3)
such that the equation in (3.14) is satisfied for t= T and m =0. Thus (H;) is
satisfied. It follows from Theorem 3 that every continuous monotonic solu-
tion u(¢) of (3.1) satisfies (3.11).

If (3.10) and (3.17) hold for a non-negative integer » sufficiently large to
ensure that (v) is true, the function F(¢) =e,(t) will satisfy (i) through (v) for
this », and we may take f(f) =e,.2(t). Of course, (v) is no real restriction on
v since we can take a as large as we please.

4. Special classes of equations. In this section, we shall apply the general
methods and theorems above to the study of the three special classes of
equations mentioned in §1. First let us discuss algebraic difference equations
of the first order. Such equations may be assumed to be of the form

(4.1) P(t, u(t), u(t + 1)) = 0.

Although Theorems 2 and 4 apply to such equations, it is possible to be
much more precise about the nature of f(#) when considering (4.1) than when
considering the general class of equations (3.1). In fact, the “best possible”
form of f(t) may be stated, as is done in the following theorem.

THEOREM 5. Given any first order algebraic difference equation (4.1), there
exists a positive number B, depending only on the polynomial P, such that every
continuous solution u(t) of (4.1) satisfies

@]
4.2) lim inf =0,

t—>+o €2 (Bl)
and such that every continuous monotonic solution u(t) of (4.1) satisfies
| 2(2) |

m
t-+= ez(Bi)

(4.3) 0.

These results are “best possible” in the sense described below.

This theorem was originally proved by Shah [6], but we shall include a
proof in this paper in order to show that the result is a special case of Theo-
rems 1 and 3. Shah also pointed out that (4.2) and (4.3) are “best possible”
in the following ways. First, it is not possible to replace “lim inf” in (4.2) by
“lim” without some restrictive hypothesis, such as monotonicity, on %(¢). To
show this, let ¢() be any real, continuous, increasing function which becomes
indefinitely large as t—+ ©. Let m be any non-negative integer and let
u(¢) =¢™ for ¢ in the intervals [2n, 2n+1],72=0,1,2, - - - . For ¢ in the inter-
vals (2n+1, 2n+2), n=0, 1, 2, - - -, let u(¢) be defined in any convenient
fashion for which «(#) is continuous and % exceeds ¢ at the midpoint. For all
t>0, u(f) satisfies an equation of the form (4.1), namely

(4.4) [t + 1) — ¢ + D"][u@) — ] = 0.
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Although (4.2) is satisfied, the fact that # exceeds ¢ for arbitrarily large ¢
shows that (4.3) cannot be satisfied. Indeed, no relation of the form

N O]
tot+e (1)

is satisfied by all continuous solutions of the particular equation given above,
no matter what ¢(¢) is.

The equations in (4.2) and (4.3) are also “best possible” in that the de-
nominator e,(Bt) cannot be replaced by a function of slower rate of growth.
This was proved in §1 of this paper by considering the equation

u(t+ 1) — u(®)* = 0.

We shall now show that the relations in (4.2) and (4.3) follow from
Theorems 1 and 3. Let 4 and C be the numbers whose existence was asserted
in those theorems, and let B be any number for which ¢8> 4. Let

(4.6) f(&) = ex(BY), g(t) = ¢ t> 0.

We need only demonstrate that the hypotheses (H;) to (H;) are satisfied by
fand g. It is evident that (H;) and (H,) are satisfied. In order to establish
(H,) or (Hj), we let b be any number greater than zero, w any number greater
than one, and {7,,} any sequence having 7, in I,(b). Since I,(b) is the interval
[64+n, b+n+1), we readily find that

(4.5)

w4 wd” _ (4" log w)

(4.7 < -
f(ra) — ex(Bb + Bn) e(eBbeB™)

But since 4 <eB, we have

. Arlogw
lim ——=0
n—w eBbeBn

The relation in (3.4) follows from Lemma 3. In order to establish (H;), we
let any positive number 3 be given, and put

(4.8) a=¢% o) =1t @) = e

Then
(4.9) gA™™  e(tam)  ef AmHe(n)]
' [ e elam(D)]
It readily follows from Lemma 4 that the inequality in (3.14) is satisfied.
Thus Theorems 1 and 3 may be applied, with the functions f and g chosen
above, and the proof of Theorem 5 is complete.
We can in a similar way obtain a “best possible” result on the rate of in-
crease of solutions of algebraic equations of the form
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(4.10) P, u()), u(p + ¢1)) = 0,

where p and g are real numbers, ¢>0, ¢#1. In case p =0, equations of this
type have been called “g-difference equations” in the literature. We shall
prove the following theorem.

THEOREM 6. Given any first order algebraic g-difference equation (4.10),
with ¢>0, ¢#=1, there exists a positive number B, depending only on P, p, and g,
such that every continuous solution u(t) of (4.10) satisfies

u()]

(4.11) lim inf =0,

t=tw  e(tB)

and such that every continuous monotonic solution u(t) of (4.10) satisfies

(4.12) im 14O _

t—t e(tB)

These results are “best possible” in the sense described below.

Proof. The proof of this theorem is similar to that of Theorem 5, and we
shall abbreviate the presentation. We first observe that we may without loss
of generality assume that ¢>1. For if 0 <¢ <1, the substitution 7 =p4-¢t re-
duces the equation in (4.10) to the form

Q(r, u(g't + p), u(r)) = 0,

where ¢'=1/¢>1, p’=—p/q, and Q is also a polynomial with real coeffi-
cients. We remark that if ¢=1, the equation in (4.10) is a simple difference
equation of the type considered in the preceding section.

As before, the relation in (4.11) is best possible in that it is not possible
to replace “lim inf” by “lim” without some restrictive hypothesis, such as
monotonicity, on #(¢). To show this, we proceed much as before, taking
instead of the equation in (4.4) the equation
(4.13) [u(p + g) — (» + g)"][u(®) — ] =0,
which is of the form in (4.10). Choose any b and let I,(b) have its usual
meaning. Let »(¢) =¢™ for ¢ in the intervals I1, I3, Is, - - - . For ¢ in the inter-
vals Io, Iy, I4, - - -, let u(¢) be defined in any fashion for which u(¢) is every-
where continuous. Since this function # satisfies the equation in (4.13) for
t>b, and is arbitrary in the intervals I,, 5, I4, - - - , no relation of the form
in (4.5) can be satisfied by all continuous solutions %, no matter what ¢ is.

The relations in (4.11) and (4.12) are also “best possible” in that the
denominator e(¢8) cannot be replaced by a function of slower rate of growth.
For, given any positive integer #, and defining

log n
log ¢

)
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we see that e(¢?) is a solution of
u(gt) — u(®)» = 0,

which is of the form in (4.10).

The equation in (4.10) comes within the scope of the general theory in §3,
inasmuch as 8(¢) =p+(¢—1)¢ is positive and continuous, and ¢+48(¢) is in-
creasing. The relations in (4.11) and (4.12) are again deduced from Theorems
1 and 3. Let 4 and C be the numbers whose existence was asserted in those
theorems, and let B be any positive number for which ¢8> 4. Let D be any
positive number less than B, and take the functions f and g to be

(4.14) @) = e(@®),  g()) = @), t>0.

These functions can be shown to satisfy the hypotheses of Theorems 1 and 3
by a procedure similar to that used above for the functions defined in (4.6).
To obtain the analogue of the inequality in (4.7), we observe that if ¢* is any
number satisfying 4 <g*? <¢?, then there is a positive number K independ-
ent of n for which

by = Kgq*"bo, n = 0.

Hence

fr) Z e®) 2 ef (Kb ()"}
Similarly, in obtaining the analogue of (4.9), we use the inequality
Im = g%, t= T,
and let
a=g*, (1) =17, Y() =5

In this way, we find that we can apply Theorems 1 and 3 to complete the

proof of Theorem 6.
Finally, we shall apply our general method to the discussion of another
class of algebraic functional equations, namely those of the form

(4.15) PQ, u(t), u(t9)) =0

where g is a fixed real number greater than one. Such equations will in this
paper be called gth power functional equations. The following theorem pro-
vides a “best possible” result on the rate of increase of solutions of such equa-
tions.

THEOREM 7. Given any first order algebraic power equation (4.15) with ¢>1,
there exists a positive number B, depending only on P and g, such that every con-
tinuous solution u(t) of (4.15) satisfies
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w0
(4.16) liminf —————— =0,
i-+= e((log 1)F)
and such that every continuous monotonic solution satisfies
| u(®) |
im ———— =
-+ ¢((log 1))

These results are “best possible” in the sense described below.

(4.17)

Proof. The equation in (4.15) comes within the scope of our general
theory, since the function 8(¢) =¢?—¢ is positive and continuous, and ¢4 8(t)
is increasing for ¢>1. It is, perhaps, worth noting that if 0<¢g<1, (4.15)
cannot be reduced to the form (1.1) discussed in this paper, except in special
cases such as ¢=1/2. However, the substitution 7 =¢¢ transforms (4.15) into

P(r7, u(r7), u(r)) = 0,

where r =1/q. This suggests the consideration of the class of equations of the

form
P(t + 8(t), u(t + 8(8)), u(®)) = 0,

wherein 8(¢) is positive and ¢4 8(¢) is monotonic increasing. A theory of this
class of equations parallel to the theory of (1.1) can be constructed, but will
be omitted in this article.

Once again it is not possible to replace “lim inf” by “lim” in (4.16) without
some restrictive hypothesis. To show this, we choose any b, let u(f) =1 for ¢
in the intervals I,(d) with odd subscript, and let #(¢) be arbitrary in the inter-
vals with even subscript. This function is a solution of an equation of the
form in (4.15), namely

[u(t9) — 1][u@@) — 1] = 0.

Moreover, the denominator in (4.16) and (4.17) cannot be replaced by a
function of slower rate of growth. For, given any positive integer #, if we de-
fine B=(log n)/(log ), we see that e{ (log £)B} is a solution of the equation

u(t9) — u(@®)* = 0.

The proof of the relations in (4.16) and (4.17) is accomplished as before.
We choose any B for which B>1 and ¢8> 4, choose any D for which 1 <D
<B, and let

f(O) = e{(log DB},  g(t) = e{(log HP}, 1> 0.

We shall omit the details, as they are little different from what we have done
before.

5. Concluding remarks. In conclusion we may point out that no discus-
sion has been given for equations of higher order such as
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(5.1) P{t, u(t), u(t + (), u(t + 8(2) + 5(t + 8(1))} = 0,

since results are necessarily fragmentary. Shah [6] has proved some results
for the case 6(¢) =1, in which (5.1) becomes

P(t: u(®), u(t + 1), u(t + 2)) = 0.

Nor have we obtained any conditions to ensure the existence of continuous
solutions for all £=a. Such “nonlocal” existence theorems can be given in
certain cases, but an exposition of this point will not be given here. Finally,
as remarked previously, a theory of the class of equations of the form

(5.2) P(t + 8(1), u(t + 6(8)), u(t)) = 0
can be constructed which parallels that for (1.1) given in this paper.
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